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ABSTRACT. Following the lines of | 8 |, we study the Morse index of the iterated of a 
' closed geodesic in stationary Lorentzian manifolds, or, more generally, of a closed Lorentz- 

f~ *7 ian geodesic that admits a timelike periodic Jacobi field. Given one such closed geodesic 

f^*^ , 7, we prove the existence of a locally constant integer valued map A 7 on the unit circle 

£\J ■ with the property that the Morse index of the iterated 7^ is equal, up to a correction term 

e-y G {0, 1}, to the sum of the values of A 7 at the A^-th roots of unity. The discontinuities 
of A 7 occur at a finite number of points of the unit circle, that are special eigenvalues of 
the linearized Poincare map of 7. We discuss some applications of the theory. 
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1. Introduction 

It is well known that, unlike the Riemannian case, the geodesic action functional of a 
manifold endowed with a non positive definite metric tensor is always strongly indefinite, 
i.e., all its critical points have infinite Morse index. However, given a Lorentzian manifold 
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(M , q) that has a timelike Killing vector field K,, one can consider a constrained geodesic 
variational problem whose critical points have finite Morse index (||7][T2][l3 1 20 1); the value 
of this index is computed in terms of a symplectic invariant related to the Conley-Zehnder 
index and the Maslov index of the linearized geodesic flow. 

Following the classical Riemannian results, one wants to prove multiplicity results for 
closed geodesies using variational methods, including equivariant Morse theory. The 
closed geodesic variational problem is invariant by the action of the compact Lie group 
0(2); every 0(2)-orbit of a closed geodesic contributes to the homology of the free loop 
space. In order to obtain multiplicity results, one needs to distinguish between critical 
orbits generated by the tower of iterates ('J N )n>i of the same geodesic 7. As proved 
by Gromoll and Meyer in the celebrated paper 1141 . fine estimates on the homological 
contribution of iterated closed geodesies can be given in terms of the Morse index and 
the nullity of the iterate. Thus, an essential step in the development of the Morse theory 
for closed geodesies is to establish the growth of the Morse index by iteration of a given 
closed geodesic. The deepest results in this direction for the Riemannian case are due to 
Bott in the famous paper [8|; using complexifications and a suitable intersection theory, 
Bott proves that all the information on the Morse index and the nullity of the iterates of 
a given closed Riemannian geodesic is encoded into two integer valued functions on the 
unit circle. Following Bott's ideas, in this paper we will prove some iteration formulas for 
the Morse index of the critical points of the constrained variational problem for stationary 
closed Lorentzian geodesies mentioned above. More precisely, given a closed geodesic 7, 
we will show (Theorem 15. U the existence of an integer valued function A 7 on the circle 
S 1 with the property that, given a closed geodesic 7, its A-iterate 7^ has Morse index 
p(j N ) given by the sum of the values of A 7 at the A-th roots of unity, k — 1, . . . , N, plus 
a correction term e 7 s {0, 1}. The difference (10(1) = M(t) — e 7' tne restricted Morse 
index of 7, plays a central role in the theory; it can be interpreted as the index of the second 
variation of the geodesic action functional restricted to the space of variational vector fields 
arising from variations of 7 by curves p, satisfying g(fi, K) = 5(7, JC) (constant). 

In analogy with the Riemannian case, A 7 is a lower semi-continuous function on the 
circle (except possibly at 1 in a singular case mentioned below) and its jumps can occur 
only at points of S 1 that belong to the spectrum of the (complexified) linearized Poincare 
map ^P 7 of 7. Given one such discontinuity point p G S 1 , the (complex) dimension of the 
kernel of <P 7 — p is an upper bound for the value of the jump of A 7 at p. Explicit, although 
extremely involved, computations can be attempted in order to compute the precise value 
of each jump of A 7 (see Subsection 14.21 ). It may be interesting to observe here that the 
question is reduced to an algebraic counting of the zeros in the spectrum (i.e., the spectral 
flow) of an analytic path of Fredholm self-adjoint operators, for which a finite dimensional 
reduction and a higher order method are available (see ifTTl ). 

As a special case of our iteration formula, we show that if 7 is strongly hyperbolic (i.e., 
e 7 = and there is no eigenvalue of *P 7 on the unit circle), then the restricted Morse index 
of r y N is equal to the restricted Morse index of 7 multiplied by N. Also, the correction 
term e 7 « coincides with e 7 for all N. As an application of this fact, we will use an argu- 
ment from equivariant Morse theory to prove (Proposition 15. 61 ) the existence of infinitely 
many geometrically distinct closed geodesies in a class of non simply connected globally 
hyperbolic stationary spacetimes, generalizing the results of |3|. 

A second important application of the theory developed in this paper is the proof of a 
uniform linear growth for the index of an iterate (Proposition l5.3b ; this is a crucial step in 
Gromoll and Meyer's result on the existence of infinitely many closed geodesies in compact 
Riemannian manifolds. The uniform estimate on the linear growth allows to prove that the 
contribution to the homology of the free loop space in a fixed dimension provided by the 
tower of iterates of a given closed geodesic only depends on a uniformly bounded number 
of iterates. 
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Compared to the Riemannian case, several new phenomena appear in the stationary 
Lorentzian case. In first place, the question of the correction term e 7 is somewhat puzzling, 
as this part of the index is not detected by the values of the function A 7 on S 1 \ {1}. Its 
geometric interpretation is a little involved; roughly speaking, e 7 vanishes when 7 can 
be perturbed to a curve with less energy only by curves that "form a fixed angle" with 
the timelike Killing field AC. Infinitesimally, this amounts to saying that the index of the 
index form does not decrease when the form is restricted to the space of variations V 
satisfying g(V , tC)—g(V, AC') =0, where the prime denotes covariant differentiation along 
7. Particularly significative is the fact that the correction term e 7 is the same for all the 
geodesies in the tower of iterates of 7. An important class of examples of geodesies 7 with 
e 7 = is obtained by taking geodesies that are everywhere orthogonal to AC in the static 
case, i.e., when the orthogonal distribution AC 1 - to AC is integrable (see Example 15. U . In 
this case, every integral submanifold of AC 1 - is a Riemannian totally geodesic hypersurface 
of M; this suggests that e 7 can be interpreted as a sort of measure of the "non Riemannian 
behavior" of the closed geodesic 7. It is plausible to conjecture that the question of the 
distribution of conjugate points along 7 be related to the value of e 7 ; the results of an 
investigation in this direction are left to a forthcoming paper. 

A second peculiar phenomenon of the stationary Lorentzian case is the existence of a 
singular class of closed geodesies 7, that are characterized by the fact that the covariant 
derivative AC' along 7 is pointwise multiple of the projection of AC onto the orthogonal space 
A f- L ; this includes in particular all closed geodesies along which the Killing field is parallel. 
As it is shown in [ 16 1, the fact that AC is singular along 7 is equivalent to the existence of a 
family of parallel vectorfields along the geodesies that generate AC(s)- 1 " for every s e [0, 1]. 
This is true in particular when the geodesic is contained in a totally geodesic hypersurface 
orthogonal to AC. Again, orthogonal geodesies are singular in the static case. When 7 is 
singular, the question of semi-continuity of the function A 7 is more delicate, and, in fact, it 
may fail to hold at the point 1 if e 7 = 1, even when the linearized Poincare map of 7 does 
not contain 1 in its spectrum. 

As already observed in [8 1, in spite of the initial geometrical motivation the theory de- 
veloped in the present paper is better cast in the language of Morse-Sturm differential 
systems in the complex space C". We will first discuss our results in this abstract setup 
(Section|2j; the reduction of the stationary Lorentzian geodesic problem to a Morse-Sturm 
system is done via a parallel (not necessarily periodic) trivialization of the orthogonal bun- 
dle 7 1 - along the geodesic 7 (Subsection l5.2l i. As to this point, it is interesting to observe 
here that, if on one hand to use a parallel trivialization simplifies the corresponding Morse- 
Sturm system and its index form (see (12. 11 1. ( 12. 71 0. on the other hand the lack of periodicity 
of such trivializations imposes the introduction of more involved boundary conditions. In 
our notations, information on the boundary conditions is encoded in the endomorphism 
T (see Subsection 12. j} , which represents the parallel transport along the geodesic. When 
the geodesic is orientable, then T is (the complex extension of an isomoprhism) in the 
connected component of the identity of GL(R 2 "). Using this setup, no distinction is nec- 
essary between orientable and non orientable closed geodesies; recall that these two cases 
are distinguished in Bott's original work, the non orientable ones corresponding to the A^-th 
roots of —1. We observe that the theory developed in this work can be set in a more gen- 
eral background than stationary spacetimes, that is, when considering geodesies in general 
Lorentzian manifolds admiting a periodic timelike Jacobi field. 

The paper is organized as follows. The main technical results, presented in the context 
of abstract Morse-Sturm systems in C™, are discussed in the first part of the paper (Sec- 
tions 12 [5] and 2]i, while the applications to closed geodesies are discussed in Section [5] 
In Section [2] we set up the basis of the theory, with a description of a class of complex 
Morse-Sturm systems that are symmetric with respect to a nondegenerate Hermitian form 
of index 1 in C", their index form, and with the description of two families of closed 
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subspaces of the Sobolev space i/ 1 ([0, 1], C"). These spaces are parameterized by unit 
complex numbers, and a central point is determining their continuity with respect to the 
parameter. Although only the continuity of these spaces is actually required in our theory, 
we will show that the dependence is in fact analytic. The purpose of this fact is that, in view 
to future developments, one might attempt to use higher order methods for determining the 
value of the jumps of the index function (see Subsection I4.21 i. which require analyticity 
of the eigenvalues and of the eigenvectors of the corresponding self-adjoint operators (see 
ifTTl '). At this stage, this seems to be a rather involved question, that will be treated only 
marginally in this paper. 

In Section[3]we use a functional analytical approach to determine the kernel of the index 
form restricted to the family of closed subspaces mentioned above. Section|4]contains the 
main technical result of the paper (Proposition 14.2b . which is a formula relating the index 
of the A-iterate with the sum of the indexes of the index form at the space of vector 
fields satisfying boundary conditions involving the A-th roots of unity. Following Bott's 
suggestive terminology, we call this the Fourier theorem. In Section[5]the theory is applied 
to the case of closed geodesies in stationary Lorentzian manifolds, with some emphasis to 
the static case which provides interesting examples of singular solutions. Propositions 15. 3 1 
and 15. 61 are two direct applications of our results to the global theory of closed Lorentzian 
geodesies, which is the final objective of our research. Finally, we conclude with a short 
section containing remarks, conjectures and suggestions for future developments. 

2. On a class of non positive definite Morse-Sturm systems in C n 

2.1. The basic setup. Let us consider given the following objects: 

(a) n is an integer greater than or equal to 1 

(b) g is a nondegenerate symmetric bilinear form on R™ having index 1, extended by 
sesquilinearity to a nondegenerate Hermitian form on C"; 

(c) T : R™ — > R™ is a g-preserving linear isomorphism of R™, extended by complex 
linearity to a g-preserving isomorphism of C n ; 

(d) [0, 1] 3 t R(t) 6 End(R") is a continuous map of g-symmetric (i.e., gR(t) = 
R(t)*g) linear endomorphisms of R" satisfying: 

R(0)T=TR(1); 

R(t) is extended by complex linearity to a g-Hermitian endomorphism of C". 

(e) Y : [0, 1] — * R" C C" is a C 2 -solution of the Morse-Sturm system: 

(2.1) V"(t) = R{t)V{t) 

that satisfies: 

(el) g(Y, Y) < everywhere on [0, 1]; 
(e2) TY(1) = F(0) andTF'(l) = F'(0). 

The solution Y of ( 12. Il l will be called singular if Y'(s) is a multiple of Y(s) for all s £ 
[0, 1]; the singularity of Y is equivalent to either one of the following two conditions: 



Y 



Y' 

on [0,1]. 



(2.2) Mr-WY, _ U(yy)J g{YY) 

The ^-symmetry of R implies that, given any two solutions V\ and V2 of (12. U . then the 

quantity g(V{, V2) — giV\, Vj) is constant on [0, 1]: 

(2.3) 

£ Wl V 2 ) - g{V u Vl)\ = g{V{', V 2 ) - g(ViX') = g(W,V>,) - g(V 1 ,RV 2 ) = 0. 

We will consider extensions to the real line Y : R — > C" and R : R — > End(C") of the 
maps Y and R above by setting: 

(2.4) Y(t + N) =T~ N Y(t), R(t + N) = T~ N R(t)T N , Vt G [0, 1[, N € Z; 
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having this in mind, we also set R N {t) = R(tN) and Y N (t) = Y(tN) for all t £ [0, 1]. 
Observe that Yn is of class C 2 and Rn is continuous on [0, 1], moreover, from d2.4l ) one 
gets easily: 

(2.5) Y N (t + k/N) = T- k Y N (t), R N (t + k/N) = T- k R N (t)T k , 



for every k € Z. The N-th iterated of the Morse-Sturm system d2.ll ) is the Morse-Sturm 
system: 

(2.6) V"(t) = N 2 R N (t)V(t). 



If Y is a singular solution of (12.11 ). then Yv is a singular solution of d2.6l ). in which case 
equalities (12.21 > hold with Y replaced by Yv. We will consider the following additional 
data. 

2.2. The index forms. Let H be the Hilbert space H 1 ([0, 1], C") of C"-valued maps on 
the interval [0, 1] and of Sobolev class H 1 ; moreover, for all N > 1 let In ■ H X H — > C 
be the bounded sesquilinear form: 

(2.7) I N (V,W)= f [g(V',W') + N 2 g(R N V,W)]dt, V,WeH. 

Jo 

We will also introduce a smooth family of positive definite Hermitian forms gf on <D", 
defined using Y by: 

(2.8) 9 «(V,W } = 9 (V,W)- ^ V - Y »W-* W ' Y »W - 



g(Y„(t),Y N (t)) 



denote by A : [0, 1] x IN — > £(C n ) the smooth family of symmetric isomorphisms such 
that 

(2.9) g(Y,W) = g?(A(t,N)V,W) 

for every V, W € C" . We will think of H endowed with a family of Hilbert space inner 
products: 

(2.10) (I . W) N = [ [g?(V, W) + g?(V, W)) At. 

Jo 

2.3. Analytic families of closed subspaces. We will now define a family of closed sub- 
spaces of 7i, as follows. Let S 1 denote the set of unit complex numbers; for p G S 1 and 
N > 1, set: 

H P (N) = {V G H : T^VCl) - p Ar Y(0)}, 



H*(A0 = {veW: 5 (Y', Yv) - g(V, Y N ) = C v (constant) a.e. on [0,1]}, 



and: 



H (N) = {VEH: g(V, Y N ) - g(V, Y N ) = a.e. on [0, 1]}. 
Finally, define: 

HP(N) = H*(N) n H"(N), U p a {N) = Hq(N) n H"(N). 

Proposition 2.1. The kernel of the restriction of In to TL P {N) coincides with the kernel of 

the restriction of In to TLl(N), and it is given by the finite dimensional space: 

(2.11) 

\v e C7 2 ([0,1],C") : V solution of (23, T N V(1) = p N V(0), T N V'(1) = p N V'(0)\. 
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Proof. That (12. 1U is the kernel of Tjv in Ti p {N) follows easily from a partial integration 
in (12.7b . Denote by 2)(-/V) the subspace of H P (N) consisting of vector fields of the form 
/ • Y N , where / e ^([0, 1], C n ) is such that /(0) = /(l) = 0. The conclusion follows 
easily from the fact that H P (N) = H%(N) + Z) P {N), that the space s H P { N) and Z) P (N) 
are /Ar-orthogonal, that In is negative definite on %)(N), and that (12. lit is contained in 
H P (N). ' " ' □ 

Corollary 2.2. If p is not an N-th root of unity, then KeT[lN\ni(N)xHi(N)) C Hq{N). 
Proof. Recalling that T is g-symmetric, we have: 



g(V(0),Y N (0)) - g(V(0),Y^(0)) = g(V(l),Y N (l)) -g(V(l), Y^l)) 

= P N [g(V'(0), Y N (0)) - g(V(0), F^(0))] , 



Let us introduce the following: 

Definition 2.3. Let be a complex Hilbert space, I C lan interval and {£>*} te / be a 
family of closed subspaces of fy. We say that is a C k -family, k = 0, . . . , 00, 

(resp., an analytic family) of subspaces if for all to £ I there exist e > 0, a C k (resp., an 
analytic) curve a : ]to — e,to + e[0 I 1— » £($)) and a closed subspace T> C Sj such that 
a(t) is an isomorphism and a(t)(I? t ) = I? for all t. 

Definition 12. 3 1 is generalized obviously to the case of families {X^lees 1 parameterized 
on the circle. Let us give a criterion for the smoothness of a family of closed subspaces: 

Proposition 2.4. Let I C 1R be an interval, Sj, S) be Hilbert spaces and F : 1 1— * 

be a C k (resp., analytic) map such that each F(t) is surjective. Then, the family X>* ~ 

Ker(-F(i)J is a C k -family ( resp., an analytic family) of closed subspaces ofSj. 

Proof. See for instance [ 12, Lemma 2.9]. □ 

Clearly, if {£>*} te / is a C k (resp., an analytic) family of closed subspaces of fti and 
Sji is a closed subspace of Sj, then {P*} te / is a C k (resp., an analytic) family of closed 
subspaces of S). It is also clear that, given a C k (resp., an analytic) family of closed 
subspaces {X>*} te / of Sj and given a C k (resp., an analytic) map t %jj t of isomorphisms 
of 9), then {?/> t (X>*)} te / isa C k (resp., an analytic) family of closed subspaces of $). We 
will need later a slight improvement of Proposition l2.4l 

Corollary 2.5. If {£>*}i 6 / is a C k (resp., an analytic) family of closed subspaces of Sj, 
and if F : I 1— > C(Sj,f>) is a C k (resp., an analytic) map such that the restriction of F(t) 
to 2?* is surjective for all t £ I, then £ t = ¥Lcr(F(t)^ n T) 1 is a C k (resp., an analytic) 
family of closed subspaces of f). 

Proof. Let a : ]t - e, t + e[ n I h-> C(Sj) be a local trivialization of {£>*}, a(t)(X> { ) = 
T> and consider the C k (analytic) map t 1— > : P — > given by F(t) = F(t) o 

(a(t)\-pt) . Since the restriction of F(t) to V t is surjective, then F(t) is surjective. By 
Proposition 12.41 the family Ker(F(i)) = a(t)(£ t ) is a C k (resp., an analytic) family of 
closed subspaces of P. It follows that £ t = aft)^ 1 [Ker(F(t))] is a C k (resp., an analytic) 
family of closed subspaces of S). □ 

Proposition 2.6. For all N > 1, the collection {H. P (N)} is an analytic family of 
closed subspaces of TL. If Y is not singular, then the same conclusion holds also for the 



from which the conclusion follows. 



□ 



family {H P (N)} 



pes 1- 
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Proof. Consider the analytic map S 1 3 /) h F p , F p : H — » C" given by F p (V) — 
T N V(1) — p N V(Q); in order to apply Proposition ^. 4l we need to show that the restriction 
of F p to Hl(N) is surjective for all p E S 1 . Clearly, F p : H -> C" is surjective. Given 
W S W, there exists V E Hl{N) with V(0) = W(0) and 7(1) = W(l). Such 7 is 
obtained by setting V(s) = W(s) + fw(s) ■ Y N (s), s G [0, 1], where 

and 

(212) c f/ 1 dr V 1 r gfltM^-gow) dr 

( } 6 "U flOfc.W Jo 9(Yn,Y n ) ^ 

It is easily seen that such V satisfies g(V, Yjy) — .9(7 ^jv) = ^> tne obvious details 
of such computation being omitted. Since in this situation F p (V) = F p (W), it follows 
immediately that also the restriction of F p to H* (N) is surjective. 

Consider now the case of the family Hq(N); the non singularity assumption on Y 
implies that we can find a subinterval [a, b] C ]0, 1[ such that 



(2.13) 



-JV 



Yj 



N 



9(Yn,Y n ) 



> A ^0 on [a, b}. 



9{Y N ,Y N ) 



In this case, we show that the restriction of F p to Hq(N) is surjective by showing that for 
all Z , Z x E C" there exists W E H with W{0) = Z , W(l) = Z x and such that the 
quantity C given in (12.12b vanishes. For, choose arbitrary smooth maps t\ : [0, a] — > C" 
andi 2 : [b, 1] -> C" such that i x (0) = Z , t 2 (l) = Z x andti(a) = t 2 (b) = 0. The desired 
W is then obtained by setting: 

fii(s) ifse[0,a[, 
h(s) if se[a,b], 
h(s) ifse]6,l]. 

where h E Hq ( [a, b] ; C") is to be chosen in such a way that 

(214) r^^)-^^) dr ^ 



a ff(ti,y J v)-ff(ti,5^) dr _ f 1 g{t' 2l Y N ) - g{t 2 ,Yj,) ^ 



9(Y N ,Y N ) J b g(Y N ,Y N 

The left hand side of this equality defines a bounded linear functional on Hq ([a, b], C n ) 
which is not null; this is easily seen using partial integration: 



/ 



g(h',Y N )-g(h,Y^ f b , > 

rv v ; dr = - g(h, Tat) dr, 

g{Y N ,Y N ) J a 



and using our assumption ( 12.13b . In particular, a function h E Hq (la, b], C") satisfying 
( 12.14b can be found, which concludes the argument. □ 

2.4. Singular solutions. Let us now assume that Y is a singular solution of the Morse- 
Sturm system (12.1b . which is equivalent to assuming that the maps T n defined in ( 12.13b 
vanish identically on [0, 1] for all N > 1. 

Lemma 2.7. IfY is a singular solution of ( 12.1b and p E S 1 is an N-th root of unity, then 
7i p {N) = HZ{N). 



x 
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Proof. If V € H*(N), a direct computation gives: 

(2.15) Cyf 1 , dr -f 1 ^)-^) 
Jo 9(Yn,Y n ) J g(Y N ,Y N ) 

.. 9(V,Y N ) i f 1 , l/T _ g{V,Y N ) i_ fN ^ g(V(0),Y N (0)) 



g(V,T N )dr 



(P 1 



g(Y N ,Y N ) o J av ' Jv; 5 (^v,^)o vp ; ff (y^(o),y w (o))' 

from which the conclusion follows easily. □ 

Let us show now that the N-th roots of unity are the unique discontinuities of the family 
{K(N)}. 

Proposition 2.8. IfY is a singular solution of ( 12. Il l and A C S 1 is a connected subset 
that does not contain any N-th root of unity, the family { TL^(N) } pe _^ is an analytic family 
of closed subspaces ofTL. 

Proof. We use Corollary 12 . 5 1 applied to the analytic family Ti*(N) and the constant map 
F(t) = F N : U -> C defined by: 

tp fv\ ( ( l dr V* f 9{V ,Yn) - 9(V,Y{,) 

FNiV)= UoW^)) Jo 9^YV) ^ 

The restriction of Fm to 7i*(N) is the map V i— > Cy; by (12.15b . such restriction is surjec- 
tive (i.e., not identically zero) when p is not an 7V-th root of unity. Observe indeed that, as 
it follows easily arguing as in the proof of Proposition ^. 61 1^(0) is an arbitrary vector of 
C" when V varies in H%(N). □ 

In particular, we have the following: 

Corollary 2.9. IfY is a singular solution of (12. U . then the collection {'^o(l)}peS 1 \{i} ' s 
an analytic family of closed subspaces ofTL. □ 

2.5. Finiteness of the index. 

Proposition 2.10. For all N > 1 and for all p 6 S 1 , the restriction of In to H*(N) x 
W*(iV) is essentially positive, i.e., it is represented (relatively to the inner product (12. 1 Ob ) 
by a self-adjoint operator on 7i*(N) which is a compact perturbation of a positive isomor- 
phism. In particular, the index of In on Tt*(N) is finite. 

Proof. We will show that the restriction of In to 7i*(N) is the sum of the inner product 
(•, -)n and a symmetric bilinear form B which is continuous relatively to the C°-topology. 
The conclusion will follow from the fact that the inclusion of H 1 into C° is compact, and 
therefore B is represented by a compact operator. 

The linear map TLl{N) 3 V i— > Cy G C is continuous relatively to the C° -topology, 
for: 

C v = (p N -l)g(V(0),Y N (0))-2 f g(V,Y N )dt. 

Jo 

A straightforward calculation shows that, for V, W G 7it(N), In(V, W) can be written 

as: 



I N (V,W) = (V,W) N 



9 [g(V,Y N )+C v }-[g(W,Y N )+C w } N , v w) 
9(Y N ,Y N ) 9t{V ' W) 



dt. 



from which the conclusion follows easily. □ 

Corollary 2.11. Let A C S 1 be a connected subset such that the restriction of In to 
TL*(N) is nondegene rate for all p £ A Then, the index of such restriction is constant 
on A. Similarly, if Y is not a singular solution of (12. U , the same result holds for the 
restriction of In to Ti^{N); ifY is a singular solution of (12. U . then the result holds under 
the additional assumption that A does not contain any N-th root of unity. 
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Proof. By continuity, the jumps of the map S 1 9 p i— » n_ (ijv|«j(iv)x'Hj(./v)) £ ^ can 
only occur at those points p where Jjv is degenerate on H*(N). The case of Hq(N) is 
analogous, using Proposition ^. 81 □ 

The discontinuities of the index function will be studied in Subsection l4.2l below. 

2.6. The linear Poincare map. The last ingredient of our theory is the linear map *p : 

C" © C" -> C™ 8 C™ defined by: 

%(v,w) = (TJ(l),TJ'(l)), 

where J : [0, 1] — > C™ is the (unique) solution of the Morse-Sturm system d2.ll ) satisfying 
the initial conditions J(0) = u and J'(0) = w. Using d2.41 > one sees immediately that, 
given N > 1, the A^-th power is given by: 

5^(0, to) = (T JV J(1),T JV J'(1)), 

where J is the solution of the equation J" = N 2 R^J satisfying J(Q) = u and J'(0) = w. 
We will call *p the linear Poincare map of the Morse-Sturm system ( 12. U : clearly, is the 
complex linear extension of an endomorphism of R' 1 © R™ defined using the real Morse- 
Sturm system. In particular, the spectrum s(*P) of <p is closed by conjugation. 

Proposition 2.12. For all peS 1 and all N > 1, the map V i-> (V(0), V(0)) gives an 
isomorphism from the kernel of the restriction of In to H*(N) onto the p N -eigenspace of 

Proof. It follows immediately from Proposition ^. II □ 

The restricted linear Poincare map *Po is the complex linear extension of the restriction 
of ?p to the invariant subspace C H™ © It™ defined by: 

do = {(v,w) £H n (BH n : g(w,Y{0)) ~ g(v,Y'{0)) = 0}. 

The invariance of 3o is easily established using (Ol and the equalities F(0) = IT(1), 
y'(0) = Tr'(l). Clearly, s(«p ) C s(5JJ); actually, the following holds: 

Lemma 2.13. s(«p ) \ {1} = »(5P) \ {!}• 

Proo/ As in Corollary E21 □ 

2.7. The index sequences and the nullity sequences. Recall that, given a symmetric 
bilinear form B : ^ x y ^ E on a real vector space, the index and the nullity of B 
are defined respectively as the dimension of a maximal subspace on which B is negative 
definite, and the dimension of the kernel of B. Similarly, one defines index and nullity of a 
Hermitian sesquilinear bilinear form on a complex vector space; the index and the nullity 
of a symmetric bilinear form on a real vector space V are equal respectively to the index 
and the nullity of the sesquilinear extension of B to the complexification of V. 

Definition 2.14. For all p g S 1 , define the sequences: 

\*{p,N) = index of I N on H^N), \ {p,N) = index of I N onWg(iV), 
24 (p, N) = nullity of I N on H p m {N), v (p, N) = nullity of I N on H P {N), 

where N > 1. 
Clearly: 

Mp,N)<\*(p,N)<\ (p,N) + l 
for all N > 1 and all p S S 1 . By Corollary O we have z/*(p, TV) < v {p, N) when p 
is not an N-th root of unity; we will show later (Corollary 13.51 ) that vq(Pi 1) < !)■ 
Corollary 12 . 1 1 1 above says that the maps p i— > A* (p, TAT) are constant on connected subsets 
of the circle where ^*(p, AT) vanishes. 

The theory developed so far gives us the following properties of the index and the nullity 
sequences: 
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Proposition 2.15. For all N > 1, the following statements hold. 

(a) The map p i— > A*(p, N) is lower semi-continuous on S , ant/ so is p i— > Ao(p, N) 
if Y is not a singular solution of ( 12. II ); ;/ Y is a singular solution, then the map 
pi — > Ao (p, N) is lower semi-continuous on every connected component o/S 1 that 
does not contain N-th roots of unity. 

(b) u m (p,N) = dim(Ker(q3 Ar - p N )). 

(c) A, (p, N) = A, (p, N), v* (p, N) = (p, N), A (p, N) = K (p, N), and 
v {p,N) = v*(p,N). 

Proof. The lower continuity of A» and Ao claimed in part (a) follows easily from the conti- 
nuity of the family of subspaces H*(N) and Hq(N), which was proved in Proposition ^. 61 
for the non singular case, and in Proposition 12.81 for the singular case. Part (b) is a re- 
statement of Proposition 12.121 For part (c), it suffices to observe that the map V i— > V 
(pointwise complex conjugation) sends isomorphically the kernel (resp., a maximal nega- 
tive subspace) of lN\nZ(N)x?i5(N) onto tne kernel (resp., a maximal negative subspace) of 
I N\HZ(N)xHi(N)- Similarly for I N \ H ^ N)x7i ^ N y □ 

3. On the nullity sequences 

The aim of this section is to study the kernel of the restriction of the bilinear form 1 = 1% 
to the space Hq. We will perform this task by determining a differential equation satisfied 
by vector fields V p that are eigenvectors of the restriction of I\ to TL^; this is obtained 
by functional analytical techniques. The kernel of such restriction is obtained as a special 
case when the eigenvalue is zero. It is convenient to treat this subject using an L 2 -approach 
(this facilitates the computation of adjoint maps), and for this one must enter in the realm 
of unbounded operators. The following notation will be used: 

£ = L 2 ([0,1],C"), 
= jv e£: g(V,Y) - 2 J g(V,Y')ds = 2t g(V, Y') ds a.e. on [0,1]}, 

and: 

J?o = {^e^:#J)-2| g(V,Y')ds = a.e. on [0,1]}. 

We want to describe the orthogonal subspaces to and Mo in & relatively to the inner 
product 

(3.1) (V,W) n = / gi r) (V,W)dt. 

Jo 

The subspaces M.* and &q are me kernels respectively of the bounded linear operators 
T» : £^L 2 ([0,1];C) given by 

(3.2) T*(V)(t)=g(V(t),Y(t))-2 [ g(V, Y')ds - 2t [ g(y,Y')d8, 

Jo Jo 

and T : 8. -> L 2 ([0, 1]; C) given by 

(3.3) T (V)(t)=g(V(t),Y(t))-2 [ g(V,Y')ds. 

Jo 

Lemma 3.1. The operators T* and Tq have closed (and finite codimensional) image. 

Proof. Consider the operators f m , f : L 2 ([0,1],C) -> L 2 ([0, 1],C) defined respec- 
tively by f*(» = r*(/i • Y) and f Q {p) = T (m • Y). Clearly, Im(f*) C Im(T*) and 
Im(T°) C Im(T°); it suffices to show that T» and To have finite codimensional closed 
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image Now, it is easy to see that both T* and To are Fredholm operators of index 
zero; namely, they are compact perturbations of the isomorphism L 2 (j0, 1], C) 3 p, i— > 

/i-<?(r,r)eL 2 ([o,i],c). □ 

Keeping in mind ( 12.91 ), the adjoint operators (T*)* and (To)* can be easily computed 

as: 

(3.4) (T„)*(0(t) = 0(f) • (Aft, l)Y(t)) - 2(A(t, l)y'(t)) • ^ 0(t) ds 

+ 2(A(t,l)y'(t)) • / (l-s)0(s)da 
Jo 

and 

(3.5) (T„)*(0)(t) = 0(t) • (A(t, l)y(t)) - 2(A(f, l)Y'(t)) • ^ 0(a) ds. 

Since T* and To have closed image, then also the adjoints (T*)* and (To)* have closed 
image, and 

= KerCT,)- 1 - = Im((T*)*), = Ker^o)^ = Im((T )*). 
The following corollary follows straightforward^ 
Corollary 3.2. The orthogonal space .ft^ z'n .ft is: 

(3.6) J?^ = {ft"- AY + 2ti -AY' : ft G H 2 ([0, 1]; C) n H$([0, 1]; C)} 
ant/ ffte orthogonal space &q in .ft is 

(3.7) i^- = {ft' • AF + 2ft • AY' :h<=H 1 ([0,i\;G)andh(l) = 0}. 

Proof. It follows easily from the preceding observations, keeping in mind that the maps 
H 2 ([0, 1];C) n£tf([0, 1];C) 9 ft ^ ft" e L 2 ([0, 1], C) and {ft G ^([O, 1]; C) : ft(l) = 
0} 9 ft- h-> ft' G i 2 ([0, 1], C) are isomorphisms. □ 

The bilinear form I\ (defined in ( 12.7l i) is represented in L 2 ([0, 1]; C") with respect to 
the inner product ( 13. U by the unbounded self-adjoint operator: 

(3.8) a(V) = -AF" + ARV 

densely defined on the subspace D = H 2 ([0, 1]; C") n W(l). 

By an eigenvalue of the restriction of I\ to .ft* fl7i p (l) we will mean a complex number 
A* such that there is a non-zero V* G .ft* n 7i p (l) satisfying 

(3.9) / x (V* , WO = A* ■ / 5t (r) (V, , dt 

Jo 

for every V, iy G .ft*. Equivalently, A* is an eigenvalue of the restriction of I\ to .ft* P\ 
H p (l) if there exists V* G .ft* D ff 2 ([0, 1]; C") n W{\) such that 

(3.10) W)-A»-K6^. 

Proposition 3.3. A vector V* G .ft* H H. p (l) is an eigenvector for the restriction of Ii to 
.ft* ("1 H p (l) with eigenvalue A* G C if and only if V* G H 2 ([0, 1]; C n ) H W(l) and it 
satisfies 

(3.11) - y" + i?y* - a* • A"V* = ft" • y + 2ft' • y, 

where ft /s ffte unique map in H 2 ( [0, 1] ; C) n Hi ( [0, 1] ; C) satisfying 

(3.12) A*- 5t M (y*,y) = [h'-g(Y,Y)]'. 



'Recall that given a closed finite codimensional subspace X of a Hilbert space H, then any subspace Y C H 
that contains X is closed (and finite codimensional). 

2 In the sequel, we will use the symbol A to mean A(-, 1). 
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Proof. By a boot-strap argument we see that if V* is an eigenvector then it is differentiable. 
Using equations ( 13.8b and ( 13.101 ) we conclude easily that V, satisfies ( 13.1 lb and ( 13.12b if 
and only if V* is an eigenvector with A* as eigenvalue. Moreover, these equations imply 
that g{Vl', Y) = g(V*,Y"), so that V* G &*. □ 

We obtain an analogous result for &q. 

Proposition 3.4. A vector Vq G &q PI 7i p (l) is an eigenvector for the restriction of I\ 
to £o H H p (l) with eigenvalue A G C if and only if V G H 2 ([0, l];C n ) n W(l), 
g(Vo(0), 5^(0)) — g(Vo(0), Y' (0)) = ant/ the following differential equation is satisfied 

(3.13) - y " + i?V - A • A _ Vo = hi ■ Y + 2h ■ Y', 

where 

(3-14) /l= __^_^ 1 9 M (t / ,r)d s . 



Proof. Similar to Propostion l3.3l □ 



Setting Ao = in Proposition 13. 41 one obtains that the elements in the kernel of the re- 
striction of I\ to &o nW(l) are solutions of the Morse-Sturm system ( 12.1b . This statement 
is made more precise in the following: 

Corollary 3.5. Ker[ii| w i (1)xW i (1) ] = Ker[li| wi(1)xHi(1) ] n«J(l), while for p ^ 1, 

Ker [ J l|K(l)xK(J = Ker [ / i|^(i)x^(i)]- ^particular: 

(3.15) m(l,l)<i/„(l,l)< 14,(1, 1) + 1, ^(p,l) = i/,(p,l)ybrp^l. 

Proof. For Ao = 0, equation ( 13.13b is the Morse-Sturm system (12.1b ; the conclusion fol- 
lows easily from Corollary 12.21 The second inequality in (13.15b follows from the fact that 
Hq(1) has codimension 1 in 7i»(l). □ 

Corollary 3.6. If A C S 1 \{1} is a connected subset that does not contain elements in the 
spectrum ofty, then the map Xo(p, 1) is constant on A. 

Proof. The assumption is that v* (p, 1) vanishes on A, which by Corollary 13. 5l implies that 
also vo(p, 1) vanishes on A. Corollarv l2. 1 1 I concludes the thesis. □ 

4. On the index sequences 

4.1. A Fourier theorem. In the following, given p e S 1 and w £ it will be useful 

to consider the (continuous) extension w : R — > C ra of w defined by: 

(4.1) w(t + N)=p N T- N w(t), Vi G [0,1[, VJVgZ. 

Observe that such extension does not satisfy g(w' , Y) — g(w, Y') = const, in R, unless 
p= lorw G Wg(l). 

Proposition 4.1. For all N > 1, set uj — e 27Tl / N and define the map 

y N : nl(N) - [0 fc=i H% (1)J © Wi(l) 

fey: 

V 1 — > • • • j Viv) 

where 

(4.2) %w= £ u -*:z*W +£ 

/or oW f G [0, 1[. 77ien, Wjv is a linear isomorphism, whose inverse 
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is given by (V\ , . . . , Vjy ) >— » V, wherqj 

N 

(4.3) V{t) = Y J V k (tN), 

k=l 

N k 

for all t G [0, 1]. The isomorphism ^jv carries TLq(N) onto the direct sum @ TLq (1). 

k=l 

Proof. The proof is a matter of direct calculations, based on a repeated use of the identity: 

N-l 

E 



0, if s ^ mod N; 
N, if s = mod AT. 



or 

The details of the computations are as follows. Clearly, "J/jy is linear and bounded. Let us 
show that it is well defined, i.e., that for all k — 1, . . . , N — 1, the map Vk is in Hq (1) 
and that V N G W£* (1). We compute: 

JV-l , JV 

-k 



TV ^ = ^ E ^^r^n^) = ^E^- fe ^V(j/iv) 

J- ( ^ w -"w(j7iV)+r w y(i) = 1 1 £ u-^vu/m + f(o) 



N \ ^— ' w ' ' w TV , 

3=1 / Vj'=i 



Moreover, for £ £ [0, 1[, setting Sj = (£ + j)/N, j = 0, . . . , iV — 1 and recalling formula 



ff (y fe '(£),y(£))- 5 (^(£),y'(£)) 

iV-1 

= Af E <^ fcj [^(^V'(^),y(£)) - 5 (^V(^),y'(i))] 



N-l 



= Tt E [^5(r J V'( Sj ),^( Sj - j?)) - M Tjv (si),Y^ aj - £))] 



N 



N-l 



"~ kj [g{TtV\ Sj ),T*Y N ( Sj )) - g{TiV( Sj ),T^( Sj ))] 

N-l 

= Jj* E W_W Wis^Msj)) -g(V( Sj ),Y N (sj))] 



3=0 



CV^- 1 _ fcj -_/0, iffc<iV; 

/V2 2-^ W 



^ ^ U<^> if fe = iV. 

This proves that V k G 7Yq * (1) for fc < iV and that Vat G In order to conclude the 
proof it remains to verify that (14. 31 defines an inverse for if? jy • This is also a straightforward 
calculation. Given V G Hl(N), then: 

AT AT-1 W-l / N \ 

^ E E 4e E ^ = n*), 

fc=l j=0 j=0 \fc=l / 



"'in equation <4.3t we are assuming that all the VVs have been extended to R as in 14. It . An immediate 



calculation shows that if V and the Vfe's are extended to R according to I4.lt . then equality 14. 2t holds for all 
t G R. 
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which proves that T» o ty N is the identity. 

Conversely, given {V U ...,V N ) G [® k =i ^o" i 1 )] © ^(1), k G {1, . . . ,N} and 
te[0,l[: 

1 iV-1 JV 1 JV-l AT AT-l AT 



J=0 



Z=l 



J=0 J=l 



J=0 i=l 



N-l 

E- 

j=0 



i('-fe) 



= K fc (t), 



which proves that ^ jy o T jy is the identity. This concludes the proof. 

Finally, the desired result on the index sequences: 
Proposition 4.2 (Fourier theorem). For all N > 1, f/ze following identities hold: 

A,(l, AT) = A,(l, 1) + Ef^i 1 Ao(^ fe , 1), 



□ 



Ao(l,^V) = Ef=iAo(a;M) 



Proof. The result is obtained by showing that, given V k ,W k (1),A = 1,...,JV-1, 

Fat, Wjv G Wj(l), and setting V = ^ 1 (V 1 ,..., V N ), W = . . . , W N ), the 

following identity holds: 

iV 

I N {V,W) = Y J h{V k ,W k ). 

k=l 

This is obtained by a direct calculation, keeping in mind that: 

• V k (s + l-l) = w*('- 1 )T 1 - , V r fe(«), F fe '(s + I - 1) = uMi-iJ^-'V^*); 

• W k {s + l-l) = uW-^T^Wkis), W' k {s + 1 - 1) = w^'-^T^'W^s); 

• i?(s + / - 1) = T 1 -'ii(s)T i - 1 , 

for alls G [0,1]. Then: 



dt 



at 



ds 



I N {V, W) = N 2 J2 / 9(V k '(tN), W' r {tN)) + 9 (R(tN)V k (tN), W r (tN)) 

k,r=l J ° 

N N r-k r 

= N * E E /, , [5W(^),W r ;(tiV))+ fl (iJ(tJV)Vfc(tJV),W' I .(tJV)) 

k,r=l ;=1 "^Tv 1 

N N I 

= N E E / [«(Kw,^w)+9W^( s ).^w) 

fe,r=l Z=l 

^E / [5(^ / (s+/-i),w-;(s+z-i))+ 5 (j?( s +/-i)y fe ( s +/-i),w r (s+/-i)) 

JV N i 

E E w(fe " r)(i_1) / + . 9 (i?( s )^( s ),vK r ( s ))] d S 

fc,r=i ;=i 

JV -l N 

E/ 5K(s),^ fc (s))+ ff (i?(s)y fe (s),w fe (s)) d« = y;^(^.Wfc) 



JV 

E 

k,r,l=l 

= N 



ds 



fe=i 



which concludes the proof. 



□ 
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4.2. On the jumps of the index function. The question of determining the value of the 
jumps of the index function p i—» Ao(p, 1) is rather involved, and it will be treated only 
marginally in this subsection. Let us start with a simple observation on the index of con- 
tinuously varying essentially positive symmetric bilinear forms, whose proof is omitted: 

Lemma 4.3. Let B : Jo x Jo — > C be a Fredholm Hennitian form on the complex Hilbert 
space Jo, and let {D }tel be a continuous family of closed subspaces of Jo such that the 
restriction B t of B to T> x T> 1 is essentially positive for all i G /. If to is an isolated 
instant in the interior of I such that B to is nondegenerate, then for e > small enough: 

\n-(B t0+e ) - n_(£ to _ e )| < dim(Ker(S to )). □ 

Corollary 4.4. Let e 2m6 G S 1 \ {1} be a discontinuity point for the map p i— » Ao(p, 1). 
Then: 

' lim \\ {e 2 ^ 6+e \l) - \ a {e 2 ^ 6 ~ e \l)} 

9^0+ 

IfY is not a singular solution of ( 12. Il l, the same conclusion holds also for 9 = 0. 

Proof. It follows immediately from Proposition ^ . 61 (or Corollary |2.9| in the singular case), 
Proposition 12.101 and Lemma l4~3l □ 

Under a certain nondegeneracy assumption, the jump of the index function at a dis- 
continuity point can be computed in terms of a finite dimensional reduction (compare 
with 15] Theorem IV, p. 180]). This finite dimensional reduction is rather technical, and 
we will only sketch its construction. Given e 2mB G s(^o) H S 1 , let us define a Her- 
mitian form Bg on the finite dimensional vector space Nq = Ker(qj - e 2 ™ 8 ) as fol- 
lows. Identify vectors v G iV~ with functions V G Ti.^ '"(l) in the kernel of 1\ (use 
Proposition ^. 121 and Corollary [33]) and, given one such V, choose an arbitrary C 1 -map 
<2J : ]-e, s[ -> U with 9J(s) G Hf 7 "'^^ (1) for all s, and such that QJ(0) = V. Finally, 
denote by : TC — > H.f 7 '^ (1) the orthogonal projection, and set: 

B$(v,w) = 7 1 (P^9J / (0),2n(0)) +7 1 (2J(0),P^2n'(0)); 

it is not hard to show that Bg is well defined, i.e., that the right hand side in the above 
formula does not depend on the choice of the C 1 -maps 53 and 2U. 

Proposition 4.5. Let e 2 * l ° G S 1 be a discontinuity point for p i— > \ (p, 1) (with e 2nie =/= 1 
ifY is a singular solution of ( 12. U ). Then, if Bg is nondegenerate, for 9 > small enough: 

\ (e 2 ^+ e \ 1) - X (e 2 ^- e \ 1) = -signature(^). 

It is clear from our construction that the value of the jump of Ao (p, 1) at a discontinuity 
po can be computed as an algebraic count of the eigenvalues through zero of the path 
p i—> T p of self-adjoint Fredholm operators representing the index form I\ in 7Yq(1) as p 
runs in the arc A Pa = {e 2m0 p, 9 G [— £, e]}. Technically speaking, this is the so-called 
spectral flow of the path A Po 3 p h- > T p , see for instance 123] for details on the spectral 
flow. By Proposition ^. 6l (or Proposition ^. 8l in the singular case), the path T p is analytic, in 
which case higher order methods are available in order to compute the value of the spectral 
flow at each degeneracy instant (see ifTTI for details). The result in Proposition 14.51 is a 
special case of this method. 

5. Closed geodesics in stationary Lorentzian manifolds 

5.1. Closed geodesics. Let us consider a Lorentzian manifold (M, g), with dim(M) = 
n + 1, endowed with a timelike Killing vector field /C; let V be the Levi-Civita connection 
of q and 7Z(X, Z) = [Vx, V z] — ^[x,z] i ts curvature tensor (see 16][15]|22] for details). 
An auxiliary Riemannian metric g R on M is obtained by taking g R (w,iy) = q(v,w) — 
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2q(v, K.) g(w, K)q(IC, K.) 1 . Let 7 : [0,1] — > M be a non constant closed geodesic in 
(M, g) and denote by 7 : R — > M its periodic extension to the real line; for N > 1, let 
7 W : [0, 1] -» M denote the N-th iterate of 7, defined by j N (s) = j(Ns), s £ [0, 1]. 
There are two constants associated to 7: E 1 = 0(7,7) and c 7 = 0(7, y); observe that, 
by causality, 7 is spacelike, and thus E 1 > 0. Define a smooth vector field y along 7 
by setting y(s) = K.(j(s)) — c~ f E~ lA f(s)\ this is a periodic timelike Jacobi field along 
7 which is everywhere orthogonal to 7. The index form 2" 7 of 7, which is the second 
variation of the geodesic action functional at 7, is given by: 

Z 7 (V, W) = / [ (£v, £W) + 0(^(7, V) 7, W)] d S ; 
Jo 

here £■ denotes covariant differentiation along 7. 1 1 is a bounded symmetric bilinear form 
defined on the real Hilbert space TV of all periodic vector fields along 7 of Sobolev class 
H 1 that are everywhere orthogonal to 7. Consider the following closed subspaces of TV: 

TQ = {V e TO : (£V, y) - (V, §- s y) is constant on [0, 1]}, 
-W ={VeW: (£V, y) - (V, §- s y) = a.e. on [0, 1] }. 

Elements in TCI are variational vector fields along 7 corresponding to variations of 7 by 
curves /1 for which the quantity 0(/i, J^) is constant; similarly, elements of TQ correspond 
to variations of 7 by curves \i for which g(fi, y) is equal to the constant c 7 . The restric- 
tions of I 1 to TQ and to TQ have finite index (see |7| for details); they will be denoted 
respectively by ^(7) and Mo(7)> an d called the Morse index and the restricted Morse index 
of 7. Since TQ has codimension 1 in TCI, then /io(7) < ^(7) < Mo (7) + 1; we will 
denote by e 7 G {0, 1} the difference /i(7) — Mo (7)- The nullity of 7, 11(7) is defined as the 
dimension of the space of periodic Jacobi fields along 7 that are everywhere orthogonal to 
7, or, equivalently, as the dimension of the kernel of I 1 in TP. Similarly, we will denote by 
110(7) the restricted nullity of 7, defined as the dimension of the kernel of the restriction of 
J 7 to TQ . Let S be a hypersurface of M through 7(0) which is orthogonal to 7(0); denote 
by TM^| S the restriction to S of the sphere bundle {v e TM : g(v,v) — E 7 }. Let 
■Ps : Us — > denote the Poincare map of E, defined in a sufficiently small neighbor- 
hood Us of 7(0) in TMe^ | s - Recall that "P^ preserves the symplectic structure inherited 
from TM (here one uses the metric to induce a symplectic form from TM* to TM), 
and that 7(0) is a fixed point of Vs- The linearized Poincare map of '7 is the differential 
CP 7 = d'Ps(7(0)) : Ta/(o)Us — > Tj^Us- If one uses the horizontal distribution of the 
connection V to identify T 7 ( 0) (TM) with the direct sum T 7 ( )M © T 7 ( )M, then T 7(0 )W S 
is identified with 7(0)^ © 7(0)^, and <P 7 (v, 10) = (J(l), £</(!)), where J is the unique 
Jacobi field along 7 satisfying the initial conditions J(0) = v and £ J(0) = w. The closed 
geodesic 7 will be called singular if the covariant derivative £/C of the restriction of the 
Killing field K, along 7 is pointwise multiple of the orthogonal projection of K, onto 7 . 
This condition is the same as assuming that the covariant derivative ^y of the Jacobi field 
y is pointwise multiple of y. Observe that, by Lemma l2?7l if 7 is singular then e 7 = 0. 

We will consider the complexification of the Hilbert spaces defined above, as well as 
the complexification of the linear maps and the sesquilinear extension of Z 7 ; these com- 
plexified objects will be denoted by the same symbols as their real counterparts. 

5.2. Geodesies and Morse-Sturm systems. For t e [0, 1], denote by P t : T 7 ( )M — > 
T 7 ( t )M the parallel transport; observe that P t carries 7(0) isomorphically onto A f(t) ± . 
We choose an isomorphism <fio : R™ — * 7(0)^, and we denote by <f> t ■ R™ — » j(t) ± the 
isomorphism P t o(f) Q . Finally, set T : R n — > R™, T = <fi oP 1 otfi = <fi Q <pi. Consider 
the following data to build up a Morse-Sturm system as described in Section [2] Let g be 
the nondegenerate symmetric bilinear form on R" given by the pull-back (fi^g; since the 
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parallel transport is an isometry, then g — 4>Iq for all t € [0, 1], and T is <?-preservingQ 
Define R(t) : R™ -> R™ by = o [72(7(f), ■) 7 (t)] o <j> t ; since 72 is g-symmetric, 
then R is g-symmetric. Since 7 is periodic, 72.(7(0), •) 7(0) = 72.(7(1), ■) 7(1), and thus 
T R(Q)T = R(l). Again, we will consider complexifications of these objects, that will 
be denoted by the same symbols as their real counterparts. 

Using the isomorphisms (<p s )se[o,i]> from a map V : [0, 1] — > C" one obtains a vector 
field V along 7 which is orthogonal to 7, defined by V(s) = </> s (V(s)); the periodicity 
condition V(0) = V(l) corresponds to the condition TV(1) = V(0). An immediate 
computation shows that the map V *—> V, denoted by carries the space of solutions 
of the Morse-Sturm system ( 12.11 ) to the space of Jacobi fields along 7 that are everywhere 
orthogonal to 7; define Y as 'J?" 1 (y), where y is the orthogonal timelike Jacobi field along 
7 defined above, so that Y satisfies (e) in Subsection l2.ll It is also immediate to see that 
7 is a singular closed geodesic as defined in Subsection 15 . 1 1 exactly when Y is a singular 
solution of the Morse-Sturm system ( 12. U . 

5.1. Example. An important class of examples of singular closed geodesies can be ob- 
tained by considering static Lorentzian manifolds (M, g), i.e., Lorentzian manifolds ad- 
mitting a timelike Killing vector field tC whose orthogonal distribution TC is integrable. 
Every integral submanifold of K is a totally geodesic submanifold of M; every closed 
geodesic in M which is orthogonal to JC at some point is contained in one such integral 
submanifold. Moreover, if (M, g) is globally hyperbolic or if M is simply connected, then 
every closed geodesic in [M, g) is orthogonal to JC and therefore contained in an integral 
submanifold £ of JC^. Every such geodesic is singular. Namely, let {Ei(t)}i be a parallel 
frame of TS along 7 relatively to the Riemannian metric on E obtained by restriction of 
g. Since £ is totally geodesic, then JSj is a parallel also in (M, g); and since g(/C, Ei) = 0, 
by differentiating we obtain g(£/C, EA = for all i. This shows that ^JC is pointwise 
multiple of JC, i.e., 7 is singular. It follows in particular that e 7 = for all closed geodesic 
7, more generally, the same conclusion holds when 7 is contained in a totally geodesic 
hypersurface of M which is everywhere orthogonal to K,. Closed geodesies in compact 
static Lorentzian manifolds are studied in ll24ll . 

Using the isomorphism 4>q © </>q, the restriction of the linearized Poincare map ^ 7 to 
7(0)~ L © i(0) ± is identified with the linear Poincare map *p of the Morse-Sturm system 
defined in Subsection l2.6l The restricted Poincare map *Po of the Morse-Sturm system cor- 
respond to the restriction of ^ 7 to the invariant subspace £q C 7(0)^ © 7(0)^ consisting 
of pairs (v, w) such that g(w, 3^(7(0))) - g(v, £^(7(0))) = 0. 

Recalling the notations in Subsection l2.3l we have an isomorphism ^> : 7i 1 (l) — * TP 
that carries the spaces TL\ (1) and TL J ( 1 ) respectively onto TL J and 7ig . Moreover, the pull- 
back by "J of the index form 7 7 is the bilinear form I\ defined in ( 12.7b . In total analogy, the 
index form En of the A^-th iterate 7^ of 7 corresponds to the index form In in ( 12.7b . The 
indexes and the nullities of the geodesic 7 are therefore related to the indexes and nullities 
of the Morse-Sturm system (Subsection l2.7t by: 

^ N )^K(1,N), Mo ( 7 Ar ) = A (l,A), n(V v ) = i/.(l ) JV) ) n ( 7 N ) = v (l, N). 
If we define A 7 , A 7 : S 1 — > IN by setting: 

A 7 (/>) =A (/9,1), A 7 (p) =v Q {p,l), peS 1 , 
we can state the central result of the paper: 
Theorem 5.1. For all N > 1, the following statements hold: 

N-l N 

(1) M ( 7 JV) = M ( 7 ) + J2 A 7 (e 2 ^ fe /JV) = £7 + ^ A 7 (e 2mk / N ). 
fc=i fe=i 



It is interesting to observe here that T belongs to the connected component of the identity of O (R n , g) pre- 
cisely when the geodesic 7 is orientation preserving, i.e., when the parallel transport Pi is orientation preserving. 
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(2) MT^) = E A 7 (e 2 " fc ^). 

k=l 

(3) If j is non singular, the jumps of A 7 can only occur at points of the spectrum of 
*P 7 that lie on the unit circle; ifj is singular a jump of A 7 can occur also at 1. 

(4) If 7 is non singular and e 27ri0 w a discontinuity point of Ay, then A 7 (e 27 ™ e ) < 

lim ± A 7 (e 27 ™ 6 ' +6 '). Moreover, the following estimate on the jump o/A 7 holds: 



lim A 7 (e» e ) - lim AJe 2M ) 



<7V 7 (e 2 ™"). 



77ie same conclusion holds when 7 zs singular, under the additional assumption 
that e 2m ® ^ 1. 
(5) For all N > 1, e 7 = e 7 «. 

Proof. Parts (HJ and (|2]) follow from Proposition l4.2l Part (0 follows from Corollarv l2.11l 
and Proposition ^. 121 The first statement in (0]i is the lower semi-continuity property of the 
function p 1— > Ao(p, 1) proved in (a) of Proposition 12.151 and the second one follows from 
Corollary|431 part © follows from (Q) and ©. □ 

5.3. Iteration formulas for the Morse index. Let us show that the sequence p,(~f N ) has 
linear growth in N: 

Proposition 5.2. Either n("f N ) is a constant sequence (equal to e 7 ), or the limit: 

w lrm o i M (7 JV )=^im ) i M o(7 JV ) 

exists, it is finite and positive. In this case, its value is given by a sum of the type: 

K 

(5.1) q +y^ajfli, 

3=1 

where di are integers, > 0, and < 6\ < 82 < ■ ■ ■ < Ok < 1 are real numbers such 
that e 2mB i belong to the spectrum o/^P 7 . 

Proof. By part (f3]) of Theorem 15.11 A 7 has a finite number of discontinuities, thus it is 
Riemann integrable and the limit: 

1 N 

lim i/x(7 JV )= lim iVAie 2 "^) 

k=l 

equals the integral / A 7 dp > 0. Using (Q]) in Theorem 15. II n{"f N ) is constant if and 

Js 1 ' 

only if A 7 vanishes identically (recall that A 7 is piecewise constant), hence if fJ,(j N ) is 
not constant, f ffil A 7 dp > 0. If e 27 ™ 6 ^ are the points of discontinuity of A 7 (which are 
necessarily points in the spectrum of <P 7 by part (0 of Theorem 15.11 ). j = 1 , . . . , K, 
setting: 

(5.2) fa = lim A 7 (e 2m( ^ +e) ) G IN \ {0}, 

6 — >0^ 

then the integral J s± A 7 dp is given by the sum ( 15. Il l, where: 

ao=0K, ai=0K-0i, a-j = fa-i — fa, j = 2, . . . ,K - 1. □ 

In order to apply equivariant Morse theory to the closed geodesic variational problem, 
one needs a somewhat finer estimate on the growth of the index by iteration. More pre- 
cisely, it is needed a sort of uniform superlinear growth for the sequence ) (see |[T4l 
§ 1]). The result of Proposition l5.2l can be improved as follows. 
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Proposition 5.3. Either fi("f N ) is a constant sequence, or there exist constants a > and 
(3 6 R such that: 

for all JV,s€l 

Proof. As above, let e 27Tl6j , be the discontinuity points of the map A 7 , where < Q\ < 
9 2 < ■ ■ ■ < Ok < 1, set 9 K+1 = 9\ + 1, and define (3j as in ( 15.21 ). Note that, by © in 
Theorem 15. II A 7 (e 2 *™ * ) < (3j for all j. If we denote by |_-J the integer part function, the 
number of (A + s)-th roots of unity that lie in the open arc {e 27 ™ 9 : 9j < 9 < Oj+i} is 
at least |_(A + s)(9j+i ~ 9f)\ — 1. Similarly, the number of A-th roots of unity that lie 
in the arc {e 2 ™ e : 9 j < 6 < 9 j+x } is at most [N(9j +1 - 9j)\ + 1. Thus, the following 
inequality holds: 

N+s N 

(5.3) n(j N+s ) - fi(<y N ) = E ^( e2mk/(N+s) ) - J2 A ->( e2 " k/N ) 

k=l k=l 
K+l K+l 

> E (L(^ + s )(^i+i - *i)J - - E ( TO+i - %)J + i)h 

3=1 3=1 
K+l 

> E (L(# + s )(^'+i - *i)J - Wi+i - 0j)J)& - 2(A + 1) max A 7 

3 = 1 

K+l 



> (L s (^-+i - 0j)J - - 2 ( K + !) max A 



7 



K+l 

> E (L s (^+i -0j)J)#j -3(A+ l)maxA 7 . 

The assumption that /j.(j n ) is not a constant sequence implies the existence of at least one 
00 € [0, 1[ such that A 7 (e 27rie °) > 0; then 6> £ [0jo>fyo+i[ for some io. which implies 
(3j +\ — (3j > and (3j > 0. From ( 15 ,3b we therefore obtain: 

M(7 7V+S ) - M(7 W ) > [s(e j0 +i - 9 J0 )\ ■ (3 J0 - 3(K + 1) max A 7 

> s(9 jo+1 - 9 jo )P jo - I3 30 - 3(A + 1) max A 7 . 
This concludes the proof. □ 

5.4. Hyperbolic geodesies. A closed geodesic 7 : [0, 1] — > M is said to be hyperbolic if 
the linearized Poincare map ?P 7 has no eigenvalues on the unit circle. We say that a closed 
geodesic 7 is strongly hyperbolic if, in addition, e 7 = 0. Observe that if 7 is (strongly) 
hyperbolic, then 7^ is also (strongly) hyperbolic for all A > 1, 

Lemma 5.4. If j is hyperbolic, then [1(7 ) = e 7 + A • ^0(7) for all N > 1. If j is 
strongly hyperbolic, then /J,(j N ) = l^o(l N ) = N ■ /io(7)- 

Proof. Immediate using Theorem l5.ll here (io{j) is the constant value of the function A 7 
on the unit circle. □ 

Let us assume that the Killing vector field /C is complete, and let us denote by ip t : 
M — > M its flow, i g E, which consists of global isometries of (M,g). We recall that 
two closed geodesies 7$ : [0, 1] — > M, i = 1, 2, are said to be geometrically distinct if 
there exists no t £ 1R such that ip t o 71 ([0, 1]) — 72 ([0, 1]). Let us denote by AM the free 
loop space of M, which consists of all closed curves c : [0, 1] — > M of Sobolev class H 1 , 
endowed with the H 1 -topology. Moreover, given a spacelike hypersurface S C M, let Ms 
be the subset of AM consisting of those curves c such that the quantity g(c, K.) is constant 
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on [0, 1], and with c(0) £ S. Ms is a smooth, closed, embedded submanifold of AM; let 
us recall from [7| (see also [9|) the following result: 

Proposition 5.5. Let (M, g) be a Lorentzian manifold endowed with a complete timelike 
Killing vector field and a compact Cauchy surface S. Then, there exists a closed geodesic 
in every connected component of KM; more precisely, the inclusion Ms c — > AM is a 
homotopy equivalence, and the geodesic functional /(c) = | g(c, c) ds is bounded 
from below and has a minimum point in every connected component of Ms, which is a 
geodesic in (M, g). The Morse index of a critical point 7 of f in Ms equals p.{"f). □ 

Recall that arc-connected components of AM correspond to conjugacy classes of the 
fundamental group 7Ti(M); given one such component A*, we will call minimal a closed 
geodesic 7 in A*, with 7(0) £ S, which is a minimum point for the restriction of / to 
the arc-connected component of Ms containing 7. If M is not simply connected, Propo- 
sition 15.51 gives a multiplicity of minimal closed geodesies, however, there is no way of 
telling whether these geodesies are geometrically distinct. Let us recall that there is a con- 
tinuous action of the orthogonal group 0(2) on the free loop space AM, obtained from the 
action of 0(2) on the parameter space S 1 . The geodesic functional / is invariant by this 
action. Let us also recall that the stabilizer of each point in AM is a finite cyclic subgroup 
of SO(2), and thus the critical 0(2)-orbits of / are smooth submanifolds of AM that are 
diffeomorphic to two copies of the circle S 1 . Using the flow of the Killing field /C, one 
has also a free R-action on AM given by R x AM 3 (t, 7) t— > tjj t o 7 £ AM, and / is 
invariant by this action. The quotient AM/R can be identified in an obvious way with the 
submanifold Ms ; since the actions of R and of 0(2) commute, one can define a continuous 
0(2)-action on As. 

Inspired by a classical Riemannian result proved in Q, we give the following: 

Proposition 5.6. Under the hypotheses of Proposition \53\ assume that there exists a non 
trivial element a in 7Ti (M) satisfying the following: 

• there exist integers n ^ m such that the free homotopy classes generated by the 
conjugacy classes of a n and a m coincide; 

• for all N > 1, every geodesic in the free homotopy class of a N is strongly hyper- 
bolic. 

Then, there are infinitely many geometrically distinct closed geodesies in (M, g). 

Proof. Let 7 be a minimal hyperbolic geodesic in the connected component of AM deter- 
mined by the free homotopy class of a; then, 7™ and 7'™ are freely homotopic, and so are 
7™' and j ml for alH > 1. Since 7 is minimal, then fj,(j) = 0, and since 7 is hyperbolic, 
Ml"') — A*(t ) = for all I. As proved in [7], the geodesic action functional is bounded 
from below and it satisfies the Palais-Smale condition on Ms', the (strong) hyperbolicity 
assumption implies that / is an 0(2)-invariant Morse function on each arc-connected com- 
ponent of Ms determined by the free homotopy class of some iterate of a. Since 7"' and 
7 m ' are in the same arc-connected component of Ms and they have index 0, a classical 
result of equivariant Morse theory (strong Morse relations, see |[T0ll2TI ') implies the exis- 
tence of another critical orbit 0(2)q, where c; £ Ms is freely homotopic to j nl and j ml , 
and whose Morse index is equal to 1. Observe that distinct critical 0(2)-orbits 0(2)c a and 
0(2)c(, of / in Ms determine geometrically distinct closed geodesies if and only if a and b 
are not iterate one of the other. By the strong hyperbolicity assumption, the iterate has 
index equal to N for all N > 1; in particular, the q's are pairwise geometrically distinct, 
which concludes the proof. □ 

The question of existence and multiplicity of closed geodesies in stationary spacetimes 
seems more involved than in the Riemannian case, and there are few precedent results. We 
can cite for example [ 19 1 for the existence of a closed geodesic and the recent paper |7| 
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for a generalization of a Gromoll-Meyer type result. For the Riemannian case the main 
reference is ifTTl . 

6. Final remarks, conjectures and open questions 

Hyperbolic closed geodesies that are singular are obviously strongly hyperbolic. In 
view of Example l5.ll in the case of static Lorentzian manifolds Proposition l5.6l reproduces 
the central result in J3] . On the other hand, the topological conditions on the fundamental 
group of the manifold allows the authors of J5) to establish their infinitude results for a 
generic collection of Riemannian metrics on the given manifold. This is based on a result 
due to Klingenberg and Takens |[T8ll that, given a compact differential manifold M, the 
assumptions of the Birkhoff-Lewis symplectic fixed point theorem holds for the Poincare 
map of every non hyperbolic closed geodesic for a C 4 -generic set of Riemannian metrics 
q on M. No such result is known in Lorentzian geometry; even more, it is not even known 
whether Lorentzian bumpy metrics are generic. Recall that a metric is bumpy if all its 
closed geodesies are nondegenerate; in the case of stationary Lorentzian metrics, such 
definition clearly needs to be adapted. 

The genericity of Riemannian bumpy metrics on a compact manifold was proven by 
Abraham in 0; a more recent elegant proof is given in ll25ll . The central point in ll25ll is 
that the Jacobi operator is strongly elliptic; a similar property is satisfied by the differen- 
tial operator obtained from the second variation of the constrained variational problem in 
Proposition l5.5l This suggests the conjecture that, also in the case of stationary Lorentzian 
manifolds with a compact Cauchy surface, bumpy metrics are generic. 

The recently developed theory of stationary Lorentzian closed geodesies and their itera- 
tion (see also [7 ]) suggests that a number of classical Riemannian results can be generalized 
to this context. For instance, one cannot avoid mentioning a possible extension to the sta- 
tionary Lorentzian case of a result due to Bangert and Hinsgton [4]. The authors' beautiful 
argument, based on Lusternik-Schnirelman theory, gives the existence of infinitely many 
closed geodesies in compact Riemannian manifolds whose fundamental group is infinite 
and abelian. We conjecture that the same result holds in the case of globally hyperbolic sta- 
tionary Lorentzian manifolds. More results on the infinitude of closed Riemannian based 
on the study of the homology generated by a tower of iterates can be found in 0. Re- 
search in this direction for stationary Lorentzian manifolds is being carried out, and it will 
be discussed in forthcoming papers. 

Finally, we observe that a quite challenging task in the development of Morse theory for 
closed Lorentzian geodesies would be removing the stationarity assumption. In this case, 
one should deal with a truly strongly indefinite functional. Relations between its critical 
points and the homological properties of the free loop space must then be obtained by a 
more involved Morse theory based on a doubly infinite chain complex determined by the 
dynamics of the gradient flow (see [ 1 ] for the case of geodesies between fixed endpoints). 
In this case, the notion of Morse index has to be replaced by that of spectral flow for a 
path of Fredholm bilinear forms. We believe that the iteration results proven in this paper 
generalize to spectral flows. 
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